One of the important factors for compressive stress-strain curves of concrete is the localization of failure. The stress-strain curve of concrete strongly depends on the aspect ratio of the concrete specimen; therefore, a unique stress-strain curve is not adequate to express the softening behavior of concrete. To overcome the problem related to the localization of failure, a series of uniaxial compressive tests of concrete specimens was conducted. From the measured energy distribution, the failed specimen was assumed to be composed of 2 or 3 zones. Then, an equation for an envelope curve involving a characteristic of compressive strength of concrete was formulated so as to match the experimental curve of each zone. Combining 2 or 3 proposed equations considering the extent of each zone could express the experimental stress-strain curve of the specimen regardless of the aspect ratio.
Introduction
A compressive stress-strain curve is an important material characteristic of concrete. Many studies (e.g., Karsan and Jirsa 1969; Popovics 1973) experimentally clarified the influence of compressive strength and kinds of coarse aggregate on the stress-strain curve of concrete. Because of various influencing factors and different conditions in experimental approaches, a general equation expressing the stress-strain curve has not been proposed yet.
The localization of failure of concrete in compression is one of the influential factors on the stress-strain curve. Compressive failure is typically observed in reinforced concrete (RC) deep beams having a shear span length to effective depth ratio of less than 1, which show the shear-compression failure mode. Lertsrisakulrat et al. (2002) confirmed that the localized failure was observed in RC deep beams. The localized failure governs the load-deflection relationship in the post-peak region, and also gives the size effect on the shear strength of deep beams, as reported by Walraven (1994) .
Localized failure in tension was examined according to the fracture mechanics and useful results were obtained (e.g., Hillerborg et al. 1976 ). Many researchers (Markeset and Hillerborg 1995; Bazant 1989; Nakamura and Higai 1999) applied fracture mechanics to the study of localization in compression. In particular, Lertsrisakulrat et al. (2001) quantified the localized compressive failure zone length (L p ) based on the consumed energy distribution along the height of a concrete specimen. They concluded that localized failure in compression occurs in concrete specimens having H/D (the ratio of height to maximum width of cross-section) of 2 or more.
The objective of this study is to formulate a stress-strain curve in compression through matching of the experimental results. During the formulation, the localization and the compressive strength of concrete were taken into account. By referring to the study of Lertsrisakulrat et al. (2001) , a series of uniaxial one-directional repeated load tests was conducted for obtaining stress-strain curves at local portions of the specimen by the acrylic-rod method. To deal with problems related to the localization of failure, a specimen is assumed to be composed of 3 different zones, a failure zone, a transition zone, and an unloading zone. Bazant (1989) reported a series coupling model based on a concept similar to that of this study. The lengths of each zone were quantified according to the consumed energy distribution proposed by Lertsrisakulrat et al. (2001) . Next, equations to express the stress-strain relationship for each zone of the concrete specimen were formulated so that the experimental results matched well the calculated ones. Finally, it was confirmed that combining 3 proposed equations considering the length of each zone satisfactorily describes the experimental stress-strain relationship of concrete, which is strongly affected by the aspect ratio and the compressive strength of the concrete specimen.
Outline of experiment
(1) Specimen The characteristics of the test specimens (cylinders 100 mm in diameter (D)) are listed in Table 1 . Two speci-mens were used for each test case.
Mixture proportions of concrete are presented in Table 2 and material properties used for the concrete are presented in Table 3 (a). Before casting of concrete, an acrylic rod, on which strain gauges (3 mm length) were attached at intervals of 40 mm, was installed vertically in the mold of a specimen named "Type A". In specimens named "Type T", no acrylic rod was embedded. The properties of the acrylic rod are listed in Table 3  (b) .
To investigate the effect of the strength of concrete on the stress-strain curve, the water-to-cement ratio (W/C) of concrete was changed to 0.4, 0.5, 0.6 and 0.7. Coarse aggregate with the maximum size (G max ) of 13 mm or 20 mm was used. The height of the specimen was 400 mm, which indicated that a very clear localized failure would occur (Lertsrisakulrat et al. 2001) . The compressive strength of concrete (f c ' ) ranged from 26.2 to 48.4 MPa at the time of the loading test, which was averaged using three standard cylindrical specimens of 200 mm in height and 100 mm in diameter. Specimens with H/D=2, 3, 6 and 8 were additionally prepared to discuss the effect of H/D on the stress-strain curve. These specimens were made of concrete having W/C=0.4 and 0.6 and G max =20 mm.
All the specimens were cast concrete vertically and remolded at one day after casting. Immediately after remolding, they were cured in water for 6 or 7 days until the loading tests. The top end of the specimen was polished to ensure a smooth horizontal surface.
(2) Loading test and instrumentation Figure 1 shows the test setup. To reduce friction, friction reducing pads, i.e., two Teflon sheets (0.05 mm thick) sandwiching silicon grease, were inserted between the specimen and loading platens. (Fig.1 (a) ) During the loading test, the load (P) was measured by load cell. The stress (σ) was obtained with P divided by the cross-section area of specimen (A c ). Displacements (d) of the specimen were externally measured by 4 displacement gauges. In specimen Type A, internal strains were measured by strain gauges attached on the acrylic rod (AC-rod method). These strains were local strains (ε), which were assumed to represent the uniform strain in the measuring point of 40 mm in length. The average strain (ε ave ) for the whole length of the specimen was obtained by averaging all the ε Values. However, in specimen Type T without the acrylic rod, the value ε ave was determined by dividing measured displacement d by the initial height of specimen (H).
To capture the softening behavior of concrete, the load was increased up to its maximum, and then released until 0 kN (one-directional repeated loading). After that, load application was started with a controlled monotonous displacement rate of 0.002 mm/s until the load dropped to 10% of the maximum load. Figure 1  (b) shows the experimental results of traced stress-average strain curves (σ−ε ave ) and their envelope curve. Karsan and Jirsa (1969) stated that an envelope curve coincides with the stress and strain curves of specimens subjected to monotonously increasing strains. In the following discussion, empirical formulas to represent stress-strain curves in different states of stress and strain are formulated so as to match the envelope curve.
Experimental results
(1) Maximum stress of a concrete specimen (σ max ) When a concrete specimen is subjected to compression without friction-reducing pads, existing friction at the interface between the ends of the specimen and loading platens affects the maximum stress. When f c ' is defined as the compressive strength of concrete measured using cylindrical specimen having a diameter (D) of 100 mm and a height (H) of 200 mm, Kosaka and Tanigawa (1981) reported that, compared with f c ' , the maximum stress of the specimen gradually decreases as H/D increases and becomes almost constant, approximately 96% of f c ' , when H/D>4. This was because the specimen failed at the middle portion of its height, which was little affected by the friction. This implies that if a concrete specimen is subjected to purely uniaxial compression, the maximum stress will reduce to approximately 96% of f c ' . 
(2) Stress-average strain curve of concrete specimen (σ−ε ave )
The effect of σ max and H/D on the stress-average strain curve (σ−ε ave ) is discussed. Figure 3 shows the stress-strain curves of a specimen having H/D=4 and various σ max values. With increases in σ max , the strain at the peak point (ε peak ) grew larger and after the peak point, the descending branch grew steeper. Figure 4 shows stress-strain curves of specimens with f c ' =30 MPa, in which stress and strain were normalized by their respective values at the peak point (σ max , ε peak ). The appearance of specimens after the test is shown in Fig. 5 . The descending branch dropped rapidly as H/D increased. In particular, the specimen with H/D=8 clearly exhibited snapback behavior and localized failure.
(3) Failure, transition and unloading zones The failure mode and the stress-local strain curve (σ−ε) of specimen A13-0.7-4 are shown in Figs. 6 (a) and (b), respectively. In Fig. 6 (b) , it is easy to see that the failure gradually localized in the pre-peak region and then secondary cracks propagated down to the failure-free zone after the peak point. The distribution of the locally consumed energy (A INTi ) calculated by the area under the stress-local strain curve (σ−ε) is illustrated in Fig. 6 (c) . 
The locally consumed energy (A INTi ) is the sum of energies in 3 cracking modes as illustrated in Table 4 . Lertsrisakulrat et al. (2001) stated that the AC-rod method is able to determine the failure zone quantitatively: More than 15 percent of the total energy consumed in the whole specimen is consumed there. This energy criterion can be used to divide the specimen (H/D=2-4) into 2 parts; that is, a failure zone with average strain ε F and length L F and a transition zone with average strain ε T and length L T . In the following discussion, the values ε F and ε T were obtained by averaging the local strain (ε) measured in the respective zones. Table 4 Three crack displacement types.
Opening mode (or mode I) Sliding mode (or mode II) Tearing mode (or mode III)
The displacement of the crack surfaces is perpendicular to the plane of the crack.
The displacement of the crack surfaces is in the plane of the crack and perpendicular to the leading edge of the crack.
The displacement is in the plane of the crack and parallel to the leading edge of the crack.
were observed in the lower or upper portion of the specimen. A stress-local strain curve measured in the no-crack zone exhibited unloading behavior until the end of the loading test; hence, the zone having length L U and strain ε U is called the unloading zone. L p and L T were almost constant regardless of H/D, when H/D was 4 or larger. This suggests that in a specimen having H/D greater than 4, L U increases as H increases, but L p and L T are constant with the same length measured when H/D=4. Consequently, the cylindrical specimens (D=100 mm) consist of 2 or 3 zones depending of the mode of failure. The lengths of each zone are as follows:
(a) Failure zone: length (L p ) can be determined by the AC-rod method (Lertsrisakulrat et al. 2001) .
L p obtained through this experiment is listed in Table  5 . L p had a scatter of approximately 20 mm, which was determined based on the strain gauge interval. Lertsrisakulrat et al. (2001) concluded that value L p is dependent solely on the cross-sectional width of the specimen, while the specimen height, H/D and the shape of the cross-section are less influential in L p . f c ' and G max showed a very slight effect on L p as well. By referring to the conclusions, L T and L U were also determined by A c . Further discussion of the applicability of Eqs. (2a) to (2d) to specimens with D greater than 100 mm is needed. Figure 7 shows the proposed stress-strain curve. The failure zone is coupled in series on to the transition and the unloading zones, such that the stresses carried in these 3 zones are identical and strains there can be superimposed considering the length of each zone. Table 5 lists the experimental results to define the shape of a stress-strain curve: 1) ε F0 : strain at the peak point in the failure zone, 2) A F : consumed energy in the failure zone, 3) G Fc : energy consumed per unit volume of the failure zone, 4) ε T0 : strain at the peak point of the transition zone, 5) σ T1 /σ max : ratio between stress at the changing point and stress at the peak point, 6) ε T1 /ε T0 : ratio between strain at the changing point and strain at the peak point, 7) c and e: coefficients defined in Eq. (12). All of the values are discussed in the following sessions.
Stress-strain curve in failure zone
(1) Popovics equation
Lots of research projects have proposed equations for compressive stress-strain curves of concrete. In particular, Popovics (1973) proposed an equation to express experimental curves including the post-peak region completely as follows: ε F0 ). The softening behavior was well represented by changing n F appropriately. Next, a 0 is defined as the area under the curve as shown in Fig. 8 (a) until σ/σ max reaches 0.1. Figure 8 (b) , indicating the relationship between a 0 and n F , confirming that n F decreases as a 0 increases. a 0 is related to the consumed energy in failure zone A F , which is measured as the area under the load-displacement curve in the failure zone (
A F includes the energy dissipated to form cracks and consumed by the friction at the surface of cracks (Carpinteri and Pugno 2002b) . Moreover, dividing the A F value by the failure zone volume (=A c ×L p ) provides the energy consumed per unit volume of the failure zone (G Fc ). Lertsrisakulrat et al. (2001) confirmed that G Fc would be independent of the shape of the specimen but depend on the compressive strength of the concrete. Taking this fact into consideration, the relationship between G Fc and σ max is plotted in Fig. 9 . The fact that G Fc increases in proportion to σ max was also confirmed, leading to the formulation of Eq. (5).
Summarizing the above discussion, n F , a 0 and G Fc can be calculated based on the experimental results as follows: • : ε F0
: Eq. (6) : n F : Eq. (7) Fig. 11 Relationship between nF and σmax, and Eq. (7).
may be required to confirm the applicability of Eq. (5) to concrete under various conditions.
(2) Strain at the peak point in the failure zone The strain at the peak point is usually estimated by an empirical formula in proportion to f c '0.25 or f c ' (Kosaka and Tanigawa 1981) . However, since the size of the specimen and the loading condition strongly affect the strain value, the existing equation should be revised to express the strain at the peak point in the failure zone (ε F0 ). Figure 10 shows ε F0 and the strain at the peak point of the transition zone (ε T0 ) plotted against σ max . The figure indicated that ε F0 increases with σ max . With increase in σ max , Young's modulus of mortar would be getting closer to that of coarse aggregate, so that concrete behaved rather uniformly in the region of larger σ max . This uniformity would make it difficult for micro cracks inside concrete to initiate and propagate.
ε F0 can be estimated as:
(6) (3) Experimental value, n F As mentioned in sessions 4. (1) and (2), n F can be given by substituting σ max into Eqs. (4) to (6). The relationship between n F and σ max , which is plotted in Fig. 11 , is simplified as:
×σ max + 1.86 (7) A stress-strain curve of the failure zone (σ−ε F ) is predicted by substituting σ max into Eqs. (3), (6) and (7). The proposed curves are compared with experimental data in the failure and the transition zones as shown in Fig. 12 .
The proposed curve agreed well with the experimental data measured in the failure zone with various σ max values.
Stress-strain curve in transition zone
(1) Introduction White squares in Fig. 12 show the stress-strain relationship measured in the transition zone. Its ascending branch has a small curvature near the peak point. In the post-peak region, the relationship shows unloading behavior at first, then, it changes to softening behavior (Fig. 6 (b) ). Thus, the ascending, the unloading and the softening curves of the stress-strain relationship in the transition zone (σ−ε T ) were considered separately as shown in Fig. 13 . In particular, the unloading behavior in the post-peak region was assumed to be a straight line from the peak point to the changing point (σ Τ1 , ε Τ1 ).
Beyond the changing point, the softening behavior was expressed by a convex curve. As shown in Fig. 10 , the relationship between ε T0 and σ max was almost linear like in the case of ε F0 . The difference between ε T0 and ε F0 was attributed to the fact that the localization of failure began even in the pre-peak region (Fig. 6 (b) ). The relationship is approximated by the least-square method as follows:
(4) Changing point (σ Τ1 , ε Τ1 ) and straight line in the post-peak region Figure 14 shows that σ-ε T behavior from the peak point to the changing point follows an identical path. In addition, the stress at the changing point (σ Τ1 ) clearly decreased with increase in σ max . The specimen with large σ max can accumulate a large amount of energy up to the peak. This large energy accumulated inside the specimen induced a rapid propagation of cracks in the failure zone and stress decreased sharply. In this case, the stress at which the secondary cracks began to propagate in the transition zone would become small. Figure 15 shows the relationship between σ max and the experimental ratios of σ Τ1 to σ max and ε Τ1 to ε T0 , and the results calculated with Eqs. (10a) and (10b). Since the straight line from the peak point to the changing point was identical, the tendency of ε Τ1 /ε T0 correlated closely with that of σ Τ1 /σ max . Therefore, it is concluded that the changing point (σ Τ1 , ε Τ1 ) can be estimated as follows:
The straight line from the peak to the changing point can be expressed as follows: Popovics (1973) , a convex curve was applied for expressing the softening behavior as follows:
where, c, e, f: coefficients.
Values c and e, for which Eq. (12) agreed well with experimental curves, are listed in Table 5 . Values c and e of the specimen with W/C=0.4 were not measured because it failed rapidly. A trial calculation showed that e changed slightly with the curvature. Since e was less influential on the softening curves, the averaged value of e was set to −1.9 in this study (Eq. (13b) ).
On the other hand, Fig. 16 shows the effect of c on the shape of the convex curve. Taking into consideration the effect of σ max on the stress at the changing point (σ T1 ) (Session 5. (4)), c would also be related to σ max . Figure 17 shows the relationship between c and σ max , which is assumed by Eq. (13a). The value f was arranged to match the experimental changing point (Eq. ) e = −1.9
(6) Comparison of proposed curve with the experimental curve In Fig. 12 , the proposed curve is compared with the experimental curve in the transition zone. The proposed curve agreed well with the experimental curve including the peak strain, the changing point, and the softening behavior.
Stress-strain curve in unloading zone
In this study, the specimen with H/D=8 was too slender to obtain sufficient numbers of experimental results for formulating the stress-strain curve of the unloading zone.
To handle this difficulty, the curve σ−ε U was assumed to be a straight line, the respective initial tangents of which are the same as the curve of the transition zone (Fig. 18) . Furthermore, the applicability of Eqs. (14a) and (14b) to the expression of experimental data will be examined in session 7. The calculation for the secant modulus of Eq.
(8) at the origin of the coordinate axes gives the following equation for the unloading zone: 
Stress-strain curve considering localized failure
Finally, based on the ratios of the length of each of the 3 zones to specimen height (H), the proposed equations for each strain, which are determined only by σ max , are combined to formulate an equation to express ε ave as follows: The proposed equations were examined to match the experimental results for the conditions summarized in Table 6 . By referring to the previous studies, the stress-strain curve of a concrete specimen having the following characteristics is different from the curve obtained in this study. Therefore, the proposed equations will be improved for use in the different kinds of concrete. Further experimental or theoretical discussion on the localized failure of concrete in compression will be required, particularly regarding the length of each zone, the strain at the peak, and the shape of curve. a) Concrete mixed with different kinds of aggregate: e.g. lightweight aggregate (Kosaka and Tanigawa 1981) . b) Confined concrete or concrete reinforced by stirrups or fibers (Hirano et al. 2002; Sfer et al. 2002) . c) Concrete with compressive strength of higher than (Yi et al. 2003 ). e) Concrete subjected to high speed loading of more than 0.002 mm/s (Hujikake et al. 1999 ). f) Concrete with H/D less than 2, if a loading test is conducted without friction reducing pads (Sangha and Dhir 1972) .
Conclusions
To investigate the effect of the localized failure on the stress-strain curve of concrete in compression, a series of uniaxial compression tests of concrete specimens was conducted. By analyzing the test results, the following conclusions were drawn in this study:
(1) Experimental equations of the stress-strain curve for the failure and the transition zones were proposed taking into consideration the effect of the maximum stress of the concrete specimen (σ max ). By using only σ max , the proposed equations were able to express the experimental curve for the respective zones. The stress-strain relationship for the unloading zone was approximated as a straight line. (2) A combination of the 3 proposed curves based on the length of each zone could predict the strain at the peak point and the softening behavior of the stress-strain curve for the whole length of the con- Peak strain of the transition zone ε Τ1
Strain at the changing point [MPa] ε U Strain of the unloading zone ε U0
Peak strain of the unloading zone σ Average stress [MPa] σ max
Maximum stress of a specimen [MPa] σ T1
Stress at the changing point [MPa] 
